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Abstract 

We provide an explicit construction of quasi-invariant measures on polarized 
coadjoint orbits of a Lie group G. The use of specific (trivial) central extensions 
of G by the multiplicative group R + allows us to restore the strict invariance 
of the measures and, accordingly, the unitarity of the quantization of coadjoint 
■ orbits. As an example, the representations of SX(2,R) are recovered. 

o ' 
m 
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§ : 1 Introduction 

The aim of this paper is to proceed a bit further in search of a unified algorithm for 
achieving unitary and irreducible representations (unirreps for short) of Lie groups in the 
context of quantization. Our starting point here is a rather developed Group Approach to 
Quantization (GAQ) (see |], @, |3| and references there in), which generalizes and improves 
Geometric Quantization (GQ) and/or the Coadjoint- Orbit Method (COM) ||, H in many 
respects, and particularly in the treatment of the non-Kahler orbits of the Virasoro group 
r> \ H, denominated "non-quantizable orbits" in Ref. 0. 

GAQ inherited, however, the technical problem of finding an appropriate and natu- 
ral integration measure on the polarized submanifold of the original symplectic coadjoint 
orbits (or classical phase space). In fact, even though a symplectic manifold (M 2n , to) 
is canonicaly endowed with a volume, that is, u n , a maximally isotropic submanifold 
associated with a Polarization (half a symplectic manifold, so to speak) does not neces- 
sarily possess a canonical measure invariant under the action of the group generators (or 
quantum operators, in physical language). 

Nevertheless, the virtue of GAQ working directly on a group manifold, rather than 
on a coadjoint orbit, taking advantage of the tools available on any Lie group (left- 
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and right-invariant vector fields, Haar measure, etc.) brings out again the solution to 
the present problem of finding invariant measures. The precise technique of pseudo- 
extensions employed here was introduced in || on an equal footing with non-trivial central 
extensions, and was further elaborated in ||, emphasizing its relation with COM. Now 
the main trick consists in considering pseudo-extensions by the multiplicative real line 
]R + along with (pseudo)-extensions by U(l). Central (even trivial) extensions by M + can 
modify well the common factor accompanying the wave functions (the weight) with an 
extra non-unimodular real function, thus providing half of the correction needed to make 
a quasi- invariant measure strictly invariant. The resulting construction shed new light on 
the cryptic language of "half- forms" [|K|, which came to faint the beauty of the original 
scheme of GQ. 

This paper is organized as follows. In Sec. ^| we provide a general background on 
pseudo-extensions and the explicit connection with the coadjoint orbits of a general simply 
connected Lie group. In Sec. |3| the existence and uniqueness of a quasi-invariant measure 
/j, with Radon-Nikodym derivative A on a homogeneous space is translated to the group 
G itself, providing a constructive proof of the existence of such a A. Then, with the aid of 
this function, we find a specific 1R + pseudo-extension of G making fi strictly invariant. The 
results above are applied, as an example, to the explicit construction of the representations 
of SL(2,M), including the Mock representation. 



2 Pseudo-extensions 

A pseudo-extension of a simply connected Lie group G is a central extension G of G by 
U(l) by means of a 2-cocycle 1 £\ : G x G — > R, which is a coboundary and therefore 
defines a trivial central extension; i.e. there exists a function A : G — > R, the generating 
function of the coboundary, such that £\(g',g) = X(g' * g) — X(g') — X(g), but with the 
property that the Lie derivative of A at the identity is different from zero for some left- 
invariant vector fields. In other words, the gradient of A at the identity, A° = ^f^, with 
respect to a basis of local canonical coordinates {g 1 } at a neighbourhood of the identity 
of G, is not zero. 

It should be emphasized that A = (A?, . . . , A°) defines an element in the dual Q* of 
the Lie algebra Q of G. Before going further into the properties of pseudo-extensions and 
their classification into equivalence classes (in the same way as true extensions), we must 
introduce some definitions. 

Let {X^} be a basis of left-invariant vector fields associated with the canonical co- 
ordinates {g 1 }, % = 1, . . . ,n = dimG at the identity. Let {8 Ll } be the dual basis of left 
invariant 1-forms on G. They verify the relations: 



<x- 



1 We shall consider, following Bargmann 11 , local exponents £ : G x G — > R such that to = e 1 ^ defines 
a 2-cocycle (or factor), w : G x G — > U(l). 
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L x l9 Lj = Ci k 9 Lk , (1) 

where C\ k are the structure constants of the Lie algebra Q generated by {X^}. 

Right-invariant vector fields {X^} can also be introduced together with the dual basis 
of right-invariant 1-forms {9 R( -^}, satisfying properties similar to ([!]), but changing C\ k 
by — C J ik , since right-invariant vector fields generate an algebra isomorphic to that of left- 
invariant ones but with the structure constant with opposite sign[|. Left-invariant 1-forms 
have zero Lie derivative with respect to right-invariant vector fields and vice versa, as 
it should be. An important formula which will be extensively used in this paper is the 
Maurer-Cartan equations: 

dd Li = -CLe Lj A9 Lk , (2) 
2 J 

with analogous expression for the right-invariant counterpart, but changing the sign to the 
structure constants, as before. These equations state, for instance, that, for an Abelian 
group, all left- and right-invariant 1-forms are closed, and that left- and right-invariant 
1-forms dual to vector fields that are not in the commutant of Q are also closed. These 
properties will be relevant below. 

Let us consider a central extension G of G by U(l) characterized by a 2-cocycle £ : 
G x G — > R, which has to satisfy the equations: 

€(91,92) + €(91*92,93) = £(91,92* gz) + €(92, 9s) 

£(e,e) = 0, (3) 

for all <7i,<?2,<73 G G, in order to define a (associative) group law. This group law is given 
by: 

9" = g'*g 

C = CCe ii{9 '' 9) , (4) 

where C,C',C" G U(l). Left- and right-invariant vector fields for the extended group G , 
denoted with a tilde, can be derived from the ones of G and from the 2-cocycle as follows: 



X? = x? + 



dg i 



\g=e,g'=g 



where we have introduced ( = e 1 ^. Left- and right invariant 1-forms do not change, and, 
of course, there are new left- and right invariant vectors fields and 1-forms associated with 



2 This is due to our choice for the left and right action of the group on functions: R g >f(g) — f(g * g') 
and Lgif(g) = f(g' * g) instead of L g 'f(g) = f{g'~ 1 * g), as is used in other contexts. 
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the new variable ( £ U(l). These are: 



jko = ^C + W 



/i 19=9" 



where ^ = d<j). We shall call O = 6 L ^ the Quantization 1-form. This 1-form defines 

a connection on the fibre bundle U(l) — > G — > G, and will play an important role in 
our formalism, since it contains all the information about the dynamics of the system 
under study. In fact, Qpc = — ^ is the Poincare-Cartan 1-form, and dQ = dQpc 
is a presymplectic 2-form on G which defines a symplectic 2-form once the distribution 
generated by its kernel is removed. 

Now let us assume that we add to £ the coboundary £\, generated by the function 
X, £\{g',g) = X{g' * g) - Kg') - Hg)> with A satisfying A(e) = for £ A to verify (|). 
Then £' = £ + £a determines a new extended group G', and a new Quantization 1-form 
0' = + A , with 

e x = \°e Li -d\. (7) 

The new presymplectic 2-form is dQ' = dQ + dQ x , with dQ x = \X° i C i jk 9 Lj A 9 Lk 
(making use of the Maurer-Cartan equations). We shall use this decomposition of 0' and 
dQ' to split an arbitrary 2-cocycle £' in the form 

r = e + a, (8) 

for some X(g). The term £ is such that, when considered on its own, it determines a pure 
central extension, i.e. a central extension for which the Lie algebra satisfies: If C£ 7^ 0, 
then C% = Vk ^ (. 

The term £ A is such that, when considered on its own, it determines a pure pseudo- 
extension, i.e a central extension for which the Lie algebra satisfies: Cfj = X^C^, Vz, j, 

with A the gradient at the identity of X(g). 

An arbitrary central extension determined by £ will belong to a given cohomology 
class [[£]] constituted by all 2-cocycles £' differing from £ by coboundaries with arbitrary 
generating functions A : G — > R. This is the usual definition of the 2 nd cohomology group 
H 2 {G,U{1)) (see, for instance JTTJ). Now we are going to introduce subclasses [£] inside 
[[£]], called pseudo-cohomology classes. For the sake of simplicity, we shall restrict to the 
trivial cohomology class [[£]]o of 2-cocycles which admit a generating function and are 
therefore coboundaries. The partition of [[£]] into pseudo-cohomology subclasses can be 
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translated to any other cohomology class using the decomposition (||). The equivalence 
relation defining the subclasses [£] is given by: 

Two coboundaries £\ and £y with generating functions A and X' , respectively, are in the 
same subclass [£]^ if o,nd only if their gradients at the identity verify A 0/ = Ad*(g)\°, for 
some g G G. 

In particular, if A 0/ = A , £a and £y are in the same pseudo-cohomology class. This 
allows us always to choose representatives that are linear in the canonical coordinates, 

^ = \V- 

The condition A 0/ = Ad*(g)\° simply says that A ' and A lie in the same coadjoint 
orbit in Q*, and it is justified because dQ^ 0l and dQ^ are symplectomorphic, the sym- 
plectomorphism being the pull-back of the coadjoint action (see 0). 

The equivalence relation we have just introduced constitutes a partition of the trivial 
cohomology class [[£]]o of coboundaries (or of any cohomology class once translated by the 
relation (j^)), but there is not a one to one correspondence between pseudo-cohomology 
classes and coadjoint orbits, since the coadjoint orbits must satisfy the integrality condi- 
tion (see ||, and |12[ for the proof) for £\ to define a central extension. This restriction 



can be expressed in a different manner: 

The gradient at the identity A G Q* defines a linear functional of Q on R. But it also 
defines a one-dimensional representation of the isotropy lie subalgebra Q^ of the point A 
under the coadjoint action of G on Q*. In particular, if A is invariant under the coadjoint 
action (i.e. it constitutes a zero dimensional coadjoint orbit), it defines a one-dimensional 
representation of the whole Lie algebra Q. The condition of integrability of the coadjoint 
orbit passing through A is nothing more than the condition for A to be exponentiable 
(integrable) to a character of the isotropy subgroup G^o (whose Lie algebra is 

The introduction of a pseudo-extension generated by X(g) in G, defining a central 
extension G , has the effect of modifying left- and right-invariant vector fields in the 
following way: 

X} = X? + (Xt.X - A°)S , X* = X? + (X« .A - A°)S . (9) 

It also modifies the commutation relations in the Lie algebra Q of G (defining the com- 
mutation relations of Q): 

[Xf,X/ i ]=C*(Xf + A°H) J (10) 

where Cfj are the structure constants of the original algebra Q. For right-invariant vector 
fields, we get the same commutation relations up to a sign. Once the representations of 
G have been obtained (using a technique like GAQ, for instance), we recover the repre- 
sentations of G by simply redefining the operators (right-invariant vector fields) in the 
following manner: 

X? - X? = X* + A°S = X* + (X* .A)~ . (11) 

It is trivial to check that the new generators Xf-' satisfy the (original) commutation 
relations of Q. 
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Once that the pseudo-extensions have been introduced and classified according to 
equivalence classes, they can be treated as if they were true extensions and the ordinary 
quantization techniques, in particular GAQ, can be applied. We refer the reader to |J for 
a detailed description of GAQ, and here we shall simply use it to arrive at the irreducible 
representations of SL(2, R) in Sec. f|. 



3 Quasi-invariant measures 

For any Lie group G, there exists a measure, the Haar measure, which is invariant under 
the left or right action of the group on itself. However, if M is a manifold on which there 
is a transitive action of G (that is, M is a homogenous space under G), the existence of 
an invariant measure on M is not guaranteed, despite that M is locally diffeomorphic to 
the quotient G/H of G by a certain closed subgroup H, which is the isotropy group of an 
arbitrary point xq G M. More precisely, each point in M has a different isotropy group, 
although all of them are conjugate to each other; in particular all are isomorphic. 

It can be proven (see |13 and flip, however, that M admits quasi- invariant measures. 



A measure dfi(x) on M is called quasi-invariant if d[i(gx) is equivalent to d[i(x) for all 
g G G, where gx denotes the action of G on M, and the equivalence relation is defined 
among measures that have the same sets of measure zero. Then the Radon-Nikodym 
theorem asserts that there exists a positive function A (the Radon-Nikodym derivative) 
on M such that dfi(gx) / dfx(x) = X(g,x). 

Furthermore, it turns out that any two quasi- invariant measures are equivalent (flni 
|13||). Therefore, up to equivalence, there exists a unique quasi-invariant measure dfi(x) 
with Radon-Nikodym derivative X(-,x) on M. The function A can be derived from a 
strictly positive, locally integrable, Borel function p(g) satisfying^ 

= (12 > 

where Ac, Ah are the modular function of G and H, respectively (a modular function of 
G is a non-negative functions on G such that, if /xg(") is the left-invariant Haar measure 
on G, then fic(Rgf) = A{g)fiG{f)-, where R g means right translation by the element g). 
A modular function is a homomorphism of G into the positive reals with the product as 
composition law). The Radon-Nikodym derivative is given by: 

AM = 7§f- (13) 

where g' is any element whose image under the natural projection G — > M is x. This 
definition makes sense since depends only on x and not on the particular choice of 

sr. ^_ 

3 Since we are considering the quotient space G/H instead of H\G, i.e. we are changing left by right 
with respect to [l4| , modular functions get inverted. 
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Note that if A#(/i) = Aa(h), Wh G H, then p(gh) = p(g), so that we can choose 
p(g) = 1 and X(g,x) = 1 as the Radon-Nikodym derivative. Thus, in this case, M admits 
an invariant measure under G. 

Let us rewrite the above considerations in infinitesimal terms. Defining the modular 
constants kf = \ g = e , i = 1, ■ ■ ■ ,n = dimG, and similarly for kf , i = 1, . . . ,p = 

dimH, we can rephrase the p-function condition (|i~2D as: 

X^p(g) = kf /H P (g) , (14) 

where kf^ H = kf — kf, i — 1, . . . ,p. Modular constants possess properties derived from 
those of modular functions. Firstly, it can be proven that kf = Ylj=i ^Iji an< ^ accordingly, 
kf = Y^Jj=p+i C\j-> where we have assumed that the first p = dimif elements of Q belong 
to 7i, the Lie algebra of H. In addition, kf, i = 1, . . . ,n define a character k G of the 
Lie algebra Q of G, coming from the fact that Aa(g) defines a character of G, in such 
a way that k G (X^) = kf. This property implies linearity, and also C^kf = 0, since 
k G ([X^,Xf}) = 0. As a result, kf = for G semisimple. 

However, kf can be non-trivial, even if if is a subgroup of a semisimple group G, 
allowing for non-trivial k { , and, according to for the possibility of homogeneous 



spaces with non- invariant, although quasi- invariant, measures. 

Let us develop a constructive technique for obtaining quasi-invariant measures on 
homogeneous spaces. That is, a procedure for constructing p-functions satisfying (|T2| ) (or 
(|i~4"D ). According to Mackey fL3| , such a function always exists, although the proof of his 



theorem is not constructive. 

Consider the left-invariant Haar measure Q L on G. This is an n-form, with n = dimG, 
and can be written, up to a constant, as Q L = 9 L1 A9 L2 A- • -A9 Ln , where 9 Ll , i = 1, . . . , n, 
is the set of left invariant 1-forms on G dual to a given basis {X^ } of left-invariant vector 
fields. Let us suppose that the first p = dimH elements in these bases correspond to 
left-invariant 1-forms and vector fields of H, respectively. Then we tentatively define a 
measure on G/H as: 

si L H = i x li x l x . . . i X Ltt L = e Lp+1 a . . . a e Ln . (is) 

In general, is not an invariant measure on G/H; in fact, it is not even a measure 
on G/H, in the sense that it does not fall down to the quotient. This can be checked by 
computing its invariance properties under Xf , % = 1, . . . ,p. After a few computations we 
get L X L^lfj = —kf^Vlft. Therefore, if kf' H ^ for some i, Vt 1 ^ does not fall down to the 
quotient, and this is the same condition for G/H not to have a strictly invariant measure. 
Therefore, these two facts seem to be related. Indeed, if we look for a function p on G 
such that L x l(pQh) = 0, i — 1, . . . ,p, we find that p has to be a p-function, satisfying 

Xtp = kf /H p, as in©. 
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Now we have to prove that equation ([TJ]) always has non-trivial solutions. We know 
from Mackey that equation ([12]) always has a solution, but we would like to provide 



a proof in infinitesimal terms and, moreover, we would like to construct the solutions 
explicitly. 

Let us consider the Radical of H, Rad7i - the maximal solvable ideal of 7i. We know 
that 7i/Rad7i is semisimple. According to the previous considerations, the k^s vanish on 
this quotient. Thus, the non-trivial fcj's lie only on Rad7i, which is solvable. According 



to one of Lie's theorems fLo|| , a solvable algebra of operators always possesses a common 
eigenvector. We proceed to construct it as follows: 

Let us consider the equation X[ p = kf^ H p, i = 1, . . . , p. Let x be the general solution 
of X[x = 0, which always exists and which we know how to construct, according to 
the Frobenious theorem. Then we can write p = xh, where h is a particular solution of 
Xfh = kf^ H h, with G Radii, (the rest of the equations give zero, and since h is a 
particular solution, we can choose so as not to depend on the corresponding variables). 
Then Lie's Theorem guarantees the existence of such a function h, since Radii, is solvable. 

Once we have constructed the measure p fl^ on G/H, we must check its invariance 
properties under the action of G. For this, we compute L X R,(pVLfl) = i(X i R .p)(pfi^), i = 

1, . . . ,n. The result is that p fl^ is quasi-invariant under G and the divergence of the 
vertor field Xf- is -{Xf.p). Once the divergence of all vector fields have been computed, 
it is very easy to modify the (infinitesimal) action of the group G in order to restore the 
invariance of p Q^, by defining the new vector fields: 

X? = Xf t + ±- p {X?.p), (16) 

i.e., right-invariant vector fields are modified with the addition of a multiplicative term, 
half the divergence of the corresponding vector field. In the context of Sec. @, we could 
think of this redefinition as coming from a pseudo-extension of G by means of some 
pseudo-cocycle generated by a certain function A on G. In fact, this is the case, since the 
extra term can be written as log p), i.e., the function A, according to equation (|TT|), 

would be A = — %\ log p. Note the presence of the imaginary constant i in A (so that A is 
a pure imaginary function) revealing that G has been centrally pseudo-extended by R + 
instead of U(l). Therefore, the invariance of a measure on a quotient space G/H can be 
restored by means of a central extension of G by R + with generating function — «| logp, 
where p is a p-function. 

If we compute the commutation relations of the redefined vector fields, we get: 

[X t ,Xf\ = —C^Xfr, (17) 

showing that this pseudo-extension does not modify the commutation relations. As in 
Sec. D, we can compute the gradient of the generating function A at the identity, proving 
to be A° = —7;kf^ H } i = 1, . . . , n. It is pure imaginary, as would be expected of a pseudo- 
extension by R + . 
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4 Example: Representations of SL(2, R) 



Let us consider, as an example of application of the formalism developed above, the study 
of the unitary and irreducible representations of G = SL(2,M). Since this group is non- 
simply connected, in order to apply our previous considerations, we shall consider its 
universal covering group G, with p : G — > 5L(2,R) the covering map, which is a group 
homomorphism. The kernel of p is Z, the first homotopy group of SL(2, R). It is easy to 
check that a unirrep U of G is also a unirrep of SL(2, R) if and only if Kerp is represented 
as phases, i.e U(g) = e* ag , \/g G kerp. Therefore, we shall compute the representations 
U of G and then retain only the ones that verify U(g) = e lolg , a g G R, Vg G Kerp. For 
simplicity, we shall denote G just by G, bearing in mind that at the end we wish to get 
the representations of SL(2, R). 

Since SL(2, R) is semisimple, it has no non-trivial central extensions by £7(1); i.e. 
its second cohomology group H 2 {G,U{1)) = {e}. However, as shown in Sec. |2|, this 
group admits non-trivial pseudo-extensions by U(l), which can be classified into pseudo- 
cohomology classes. These pseudo-cohomology classes are in one-to-one correspondence 
with the coadjoint orbits of SL(2, R) with integral symplectic 2-form (see ||). 

Thus, we must first study the coadjoint orbits of SX(2,R). These can be classified 
into three types: the 1-sheet hyperboloids, the 2-sheets hyperboloids, and the cones. The 
cones are really three different orbits, the upper and lower cones and the origin. The 
origin is the only zero- dimensional orbit, and is associated with the only one-dimensional 
representation (character) of SX(2,M), the trivial one. 

As we shall see below, the 1-sheet hyperboloids are associated with the Principal 
continuous series of unirreps of SX(2,M), the 2-sheet hyperboloids are associated with 
the Principal discrete series of unirreps and the two cones are associated with the Mock 
representations. 

4.1 The group law 

The SL{2, R) group can be parameterized by: 



If a 7^ (the case a = is treated in an analogous manner, changing a by c), we can 
eliminate d, d = and we arrive at the following group law from matrix multiplication: 



M( 2,R)={(» ;) 



G M 2 (R) / ad- bc= 1 



(18) 



a 



a' a + b'c 



V 



a'b + b' 



,1 + bc 



(19) 



a 



c 



c'a + 



1 + b'c' 
a' 



c . 
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Left- and right-invariant vector fields are easily derived from the group law: 



*t = = '-fm + ^l (20) 

X L C = ^Tc + bl X* = a|. 

The Lie algebra satisfied by the (say, left-invariant) vector fields is: 

[X^X b L ] = 2X1 

[X^X^] = -2X L C (21) 



\xtx L c \ = X, 



a 1 



and the Casimir for this Lie algebra is given by C = \{X^) 2 + X^X^ + X^Xfr. The 
left- invariant 1-forms (dual to the set of left-invariant vector fields) are given by: 

9 L(a) = l+h da - bdc 

a 

e m = ± dh _ h l dc+ h _ l _±h da (22 ) 

a a a a 
6 L{ - c) = adc - cda . 

The exterior product of all left-invariant 1-forms constitutes a (left-invariant) volume 
form on the whole group (Haar measure): 

q l = gHa) A 6 L(b) A qL(c) = \ da AdbAdc _ (23) 

a 

4.2 Pseudo-extensions 

The different (classes of) pseudo-extensions of SX(2,R) by U(l) are classified, according 
to the discussion in Sec. 0, by the coadjoints orbits of the group SX(2, R). Let us 
parameterize Q* by {a, /3, 7}, a coordinate system associated with the base {X%, Xfr, X^} 
of Q. Instead of looking for the different coadjoint orbits by direct computation, we can 
classify them by means of the Casimir functions. The Casimirs Cj are invariant functions 
under the coadjoint action of the group on Q*, so that the equations Cj = c, define 
hypersurfaces on Q* invariant under the coadjoint action. Of course, these hypersurfaces 
could be the union of two or more coadjoint orbits, and we shall need extra conditions to 



characterize them (these are called invariant relations, see || lEfl). 

The only (independent) Casimir function for SL(2, R) is C = \o? + (3^. This is a 
quadratic function, and therefore its level sets are conic sections. 

It is more appropriate for our purposes to perform the change of variables a = a , /3 = 
fj, + u , j = fi — v. In terms of the new variables, the Casimir function is written C = 
|a 2 + 2/i 2 — 2z/ 2 . In this form, it is easy to identify the conies, of which there are essentially 
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three types, depending on whether C>0,C = 0orC < 0. The case C > corresponds 
to 1-sheet hyperboloids; the case C = corresponds to the two cones and the origin, i.e. 
the union of three coadjoint orbits; and finally, the case C < corresponds to 2-sheets 
hyperboloids (i.e. the union of two coadjoint orbits). 

Now we select a particular point A in each coadjoint orbit, which will be used to define 
a pseudo-extension in SL(2, R) (different choices of A in the same coadjoint orbit will lead 
to equivalent pseudo-extensions). For the case C > 0, the easiest choice is A = (a, 0,0). 
For C = 0, we have A = (0, 0, 0) for the origin, and we can choose A = (0, 0, 7 < 0) for 
the upper cone and A = (0, 0, 7 > 0) for the lower cone. Finally, for the case C < 0, we 
select A = (0,/3 > 0,7 = —0) for the upper sheet and A = (0, (3 < 0, 7 = —0) for the 
lower sheet of the 2-sheets hyperboloid. 



4.3 Representations associated with the 1-sheet hyperboloid: 
Principal Continuous Series 

According to the above discussion, let us choose A = (a, 0, 0) as the representative point 
in the 1-sheet hyperboloids. We need to look for a function A on SL(2, R) satisfying 
-^X(g)\ g=e = A°. The easiest one would be a function linear on the coordinate a, but we 
should take into account that a is not a canonical coordinate, since its composition law 
is multiplicative. That is, the uniparametric subgroup associated with it is R + instead 
of R (the value of a at the identity of the group is 1 instead of 0). Thus, we can select 
for X(g) = a log a or rather X(g) = a(a — 1), since the generating function A must satisfy 
A(e) = for £ A to satisfy ©. 

Let us fix X(g) = a(a — 1), to be precise (the other choice would lead to en equivalent 
result). The representation achieved when applying GAQ to the resulting group will be 
associated with the coadjoint orbit for which the Casimir is C = \a 2 > 0. The resulting 
group law for SX(2, R) pseudo-extended by U(l) by means of the two-cocycle £a is: 

a" = a' a + b'c 

b" = a'b + b' 

a 

1 + b'c' 

c " = c ' a+ i±^ c (24) 
a' 

£// ^•/^•gi«(a'a+6'c— a'— a+1) 

Left- and right-invariant vector field, obtained as usual from the group law, are: 
X a = af a + cl-b^ b + a(a-l)E X? = a£ + fo| - c| + a(a - 1)5 

Xc = ^fc + ^ + ^E X? = al 

X\ = |; = 2Re«!) = 2 xR = S . 

(25) 
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Left- and right-invariant 1-forms associated with the variables of SL(2,M) remain the 
same, and there are extra left- and right-invariant 1-forms associated with the variable (. 
We are interested in the left-invariant one, which is: 

= 9 H0 = # + a{6 L { a) _ da) = <^ + a ( 1+bC - a da _ hdc) . (26) 

The resulting Lie algebra is that of SL(2,M.) with one of the commutators modified: 

[X* Xf] = 2X b L 

[Xf,X c L ] = -2X L C (27) 
[X b L ,X^\ = X^ + aE. 



The 2-form 



c b 

d& = aide A db + -db A da + -de A da) (21 
a a 



defines a presymplectic structure on G . The characteristic module, or more precisely, 
ker<i0nkerO, is generated by the characteristic subalgebra, Qq =< X^ >. We should 
remember that the characteristic subalgebra is nothing more than the isotropy subalgebra 
Q^o of the point A G Q. 

Now we have to look for polarization subalgebras. These should contain the char- 
acteristic subalgebra Qc and must be horizontal (i.e., in the kernel of 0). There are 
essentially two, and these lead to unitarily equivalent representations (since they are re- 
lated by the adjoint action of the Lie algebra on itself, and this turns out to be a unitary 
transformation). We shall choose as polarization 

V=<X^X b L >, (29) 

and this, by solving the equation X^ty = X b ^ = 0, provides the wave functions \I/ = 
£ e ~ ia ( K-1 ) /t m <l>(r), where k = a and r = -. The action of the right-invariant vector fields 
on polarized wave functions is: 

{ -2r d -nr) 

[ taT - r 2 ^-]$(r) (30) 
dr 

According to Sec. ^ the right-invariant generators should be redefined as X^ — > 

X^' = X^ + in order to obtain the representations of G, and this affects only the 

generators X^, which changes to X^' = X^ + a£. Its action on polarized wave functions 
turns out to be: 

= Ce- ia{K - x) K ia [ia - 2r^-]$(r) . (31) 







-l) K ux 


X b R ty 




-l) K ia 


x*m 


— ^ e ~ ia ( K - 


-l) K ia 
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The representation of SL(2, M) here constructed is irreducible but not unitary. One 
way of viewing it (before discussing integration measures) is to consider the Casimir 
operator, which is the quadratic operator C = \{X^) 2 + X^X^ + X^X^. After the 
pseudoextension and redefinition of operators (X^ should be changed by X™), the re- 
sulting Casimir operator, C', acts on polarized wave functions as C'^/ = (—a 2 /2 + ia)^/. 
The fact that it is a number reveals that the representation is irreducible, but since it 
is not real, the representation cannot be unitary (the Casimir is a quadratic function of 
(anti-)Hermitian operators, and should therefore be a self-adjoint operator in any unitary 
representation). 

The reason for this lack of unitarity is that the support manifold for the representation 
does not admit an invariant measure. Since the process of polarizing wave functions really 
amounts to reducing the space of functions to those defined in the quotient G/Gp, where 
G-p is the group associated with the polarization subalgebra V), the support manifold is 
given by G/G-p, which is naturally an homogeneous space under G. According to Sec. || 
it may well happen that G/Gp does not admit an invariant measure, and in fact this is 
the case. However, the existence of quasi-invariant measures is granted, and this fact will 
allow us to restore the unitarity of the representation. 

If we compute the measure on G/G-p, derived from the left Haar measure Q L on G, 
we obtain Qk = iyLiyL^l 1 = adc — cda. When expressed in terms of the new variables k 
and t, it takes the form Vt^ = n 2 dr. Taking into account that G/Gp is parameterized by 
r, now becomes clear why the representation is not unitary: the measure does not even 
fall down to the quotient. 

A solution to this problem consists in choosing any quasi-invariant measure on G / Gp 
and introducing the appropriate Radon-Nikodym derivative ][H| [14]]. Here, we propose 
another, yet equivalent, solution to this lack of unitarity, giving a new insight into the 
problem according to Sec. |3[. We shall consider a pseudo-extension of G by R + , rather than 
£7(1). The reason is that we wish to restore the unitarity of a non-unitary representation, 
and for this we need a "piece" of non-unitary representation, in such a way that the 
resulting representation is unitary. To enable a direct comparison with the treatment of 
Mackey, we shall employ the equivalent technique of non-horizontal polarizations instead 
of that of pseudo-extensions. A non-horizontal polarization p n h - is a polarization in 
which the horizontality condition has been relaxed. The polarization equations acquire 
the form: X^ = ia^ , VA^ G V n - h - (see || for a discussion on the equivalence between 
pseudo-extensions and non-horizontal polarizations). 

The key point is to keep Vttp as the measure on G/Gp, and to impose the polarization 
conditions Xf^> = \k^ /Gv ^, instead of X^ = 0, VAf G V. In finite terms, this 
condition is written as: 
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We can rephrase this by saying that iff is a |-p-function[]. The purpose of this definition 
is to make i$f*iff' a p-function, with two |-p-functions iff and iff', in such a way that iff* iff 'Clip 
is a well-defined quantity on G/G-p and can be integrated with respect to r. In other 
words, ty* ty' is a p-function necessary to make flp a quasi-invariant measure on G / Gp . 

To begin, we must compute the modular constants kf^ Gv = kf — kf T , i = 1, . . . ,p. 
Firstly, since G = SL(2,R) is semi-simple, kf = 0, i = l,...,n. Secondly, we have 
kfr = 2 and k Gv = 0. Therefore, k G J GT = -2 and k G/Gv = 0. 

Accordingly, the new polarization equations we have to solve are: 

jyif = _|r ; = o . (33) 

It is easy to verify that the solutions of these new polarization equations are of the 
form: 

V(g) = a- 1 iff(g), (34) 

where ^{g) is a solution of the previous (horizontal) polarization equations. Thus, the 
form of the solutions is: 

§ = c^rV^-V^r) . (35) 

Now it it clear why ^f*^f'flp = $(r)*$ / (r)cir can be integrated in G/G-p; the k depen- 
dence has been removed. 

The right-invariant vector fields, when acting on |-p-functions, acquire extra terms 
that restore the unitarity of the representation^: 

Xff = K^X^if + KT X (KX?.K- X )y . (36) 

In this way, the final representation has the form, restricted to its action on $(r): 

X*${t) = [~T + tar-r 2 ^-}<f>(r) (37) 

GST 

W can readly verify that these operators are self-adjoint with respect to the quasi- 
invariant measure dr (what remains of Qp after multiplication by the factor hT 2 contained 
in the wave functions). Even more, the Casimir operator, acting on the new wave func- 
tions, turns out to be real, revealing that the representation is now unitary: 

C"$(r) = -l(l + a 2 )$(r). (38) 



4 Note that, according to Sec. [|, the generating function for the pseudo-extension by R + would be 
A = — flogp = -ilog/93, with A° = -ffcf ^ Gv = a*. 

5 The difference between pseudo-extensions and non-horizontal polarizations lie in the fact that pseudo- 
extensions modify the left- and right-invariant vector fields and non-horizontal polarizations modify the 
wave functions. The extra term in the reduced operators is a consequence of their acting on modified 
wave functions. 
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4.4 Representations associated with the cones: Mock represen- 
tation 



In accordance with Sec. £12|, let us choose A = (0,0,7) as the representative point in 
the cone. If 7 < we are in the upper cone and if 7 > we are in the lower cone. We 
have to look for a function A on SX(2,R) satisfying ^-A(g)| 9=e = A°. The easiest one is 
the function linear on the coordinate c, since here c is a true canonical coordinate, and 
therefore, we fix X(g) = 7c. 

The representation obtained when applying GAQ to the resulting group will be as- 
sociated with one of the coadjoint orbit for which the Casimir is C = 0. The resulting 
group law for SX(2,R) pseudo-extended by U(l) by means of the two-cocycle £a is: 

a = a a + c 

b = ab + b 

a 

1 + b'd , . 

c" = c 'a + ——c 39 
a' 

t" = C'C e i ^ c ' a + 1± ^- c - c! - c ) . 
Left- and right-invariant vector field, derived as usual from the group law, are: 
X a = ^ + 4- fe I+TcS X* = a£ + 6| - c| - 7 c~ 

vL - n d_ yR _ 1+bc d , 8 

= ^4 + && + 7(^-1)2 X? = af c + T (a-l)H 
*C = i = 2Re«|)=H X* = 5. 

The left-invariant 1-form associated with the variable ( is: 



(40) 



O = e L ® = ^ + 7 (# L(c) - dc) = ^ + 7 ((a - l)dc - cda) . (41) 
< < 

The resulting Lie algebra is, again, that of SX(2,R) with one of the commutators 
modified, in this case the one giving X^ on the r.h.s.: 



(42) 



The 2-form 

(43) 

defines a presymplectic structure on G . The characteristic subalgebra is Qc =< X b L >. 
In this case, there is essentially one polarization, given by: 

V=<XtX L a >, (44) 



[Xa ,X b ] 


= 2X b L 


[Xa ,Xc\ 


= -2(X C L + 7 H) 


[x b L ,x^] 


= xi. 


dO 


= 2'yda A dc 
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and this provides, by solving the equation Xfa = Xfa = 0, the wave functions ^ = 
Ce _nc $(r), where again r = The action of right-invariant vector fields on polarized 
wave functions is: 

X^ = (e^ c [-2r^-Mr) 

X*V = Ce^ c [-r 2 |-]$(r) (45) 
X?V = (e-^ _ i7 ]$( T ) . 

The redefinition of the right-invariant generators — > X R / = X R i + in order 

to obtain the representation of G, affects only to the X R generator, which changes to 
Xf = X R + 7S. Its action on polarized wave functions turns out to be: 

Xf * = Ce-^Mr) . (46) 

The representation of SX(2,R) here constructed, as in the case of the 1-sheet hyper- 
boloid, is irreducible but not unitary. 

The reason for this lack of unitarity is the same as before, that is, the lack of an 
invariant measure on the support manifold G/Gp. In fact, the polarization V is the same 
as in the case of the 1-sheet hyperboloid, only the vector fields are slightly different, since 
they come from different pseudo-extensions. Therefore, the wave functions are essentially 
the same as before, and consequently G/G-p is the same as in the case of the 1-sheet 
hyperboloid. 

The measure on G/G-p is again Q^, = ij>Lij>Lfi L = adc — cda = n 2 dr, which does not 

b o, 

fall down to the quotient. 

Thus, we keep as the measure on G/G-p, and we impose the polarization conditions 
X^ = \k G/Gv ^>, instead of X^ = 0, VXf E V. In other words, we impose * to be a 
|-p-function in such a way that ty*^' is a p-function, \I/ and \&' being two |-p-functions. 
Now, is a well-defined quantity on G/Gp and can be integrated with respect to 

T. 

Modular constants k G ^ Gv = kf — kf r , % — 1, . . . ,p, are the same as before, since Gp 
is the same group. Therefore, k G ^ Gv = —2 and k G ^ Gv = 0. 
The new polarization equations are: 

= -f , X^ = . (47) 

with solutions: 

^(g) = a-^(g), (48) 

where ^f(g) is a solution of the previous (horizontal) polarization equations. Thus, the 
form of the solutions is: 

§ = (K^e-^^ir) . (49) 
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The right-invariant vector fields, when acting on ~-p-functions, acquire extra terms 
restoring the unitarity of the representation: 

x^y = k~ 1 x^ + K~ l (KX^.K~ l )m . (50) 

This way, the final representation restricted to its action on <&(r) has the form : 

X*S>{t) = [-l-2r^]$(r) 

X?*{t) = hr-r 2 |-]$(r) (51) 
Xf$(r) = [^Mr). 

Again, we can readily verify that these operators are self-adjoint with respect to the 
quasi-invariant measure dr (what remains of after multiplication by the factor 
contained in the wave functions). Therefore, the representation is now unitary. 

This representation can be seen as the limit a — > of the Principal series of repre- 
sentations. We should stress at this point that the representation does not depend on 7, 
nor even on its sign. Therefore, we obtain the same representation for both cones, which 
are clearly equivalent. The reason for this equivalence is that the group isomorphism 
(a, b, c) — > (a, b, — c) induces a unitary transformation between the two representations. 
This representation (up to equivalence) is called the Mock representation and is associated 
with the two cones. 



4.5 Representations associated with the 2-sheets hyperboloids: 
Discrete Series 

According to Sec. |4~2| , we can choose the point A = (0, (3 > 0, 7 = —(3) in the upper sheet 
and A = (0, (3 < 0, 7 = —0) in the lower sheet of the 2-sheets hyperboloid, to define the 
pseudo-extension of SL(2, M) by £7(1). Let us consider A = (0,/3,—/3), keeping the sign 
of (3 undetermined for the time being. 

The easiest function A on SL(2, R) satisfying -^;\(g)\ g=e = A° is the function linear 
on the coordinate (b — c), since here b and c are true canonical coordinates. Therefore, 
we fix X(g) = (3{b — c). 

The representation obtained when applying GAQ to the resulting group will be as- 
sociated with one of the coadjoint orbits for which the Casimir is C = —(3 2 < 0. The 
resulting group law for SL(2,M), pseudo-extended by U(l) by means of the two-cocycle 
£a, is: 

a" = a' a + b'c 
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1 + b'c' 

c a H c 

a' 



(52) 



Left- and right-invariant vector field are: 



/ j_ l-\-bc — a ^/ 1 + b c — a 



d 



a 



a^ + /3(a-l)S 



l+bc d 
a dc 



l+bc— a ~> 
a ' 



If 



of + /?(& + c)S 



"<9a ^ U db ^dc 

a|-/3(a-l)~ 



(53) 



The left-invariant 1-form associated with the variable ( is: 



e = e L ^ 



+ f3(e m -db- e L{c) + dc) = ^$ + f3 



-db 



1 + a H )cfc+ 

a 



1 + 6c) — c)<ia 



(54) 



The resulting Lie algebra is, as in the other cases, the one of SX(2,R) with some of 

"' L 



the commutators modified, in this case those giving and X^ on the r.h.s.: 

[X',X b L ] = 2(X b L + {3Z) 



b J 

L vL] 



[XbiXc 



-2(X C L -/3S) 



(55) 



The 2-form defining a presymplectic structure on G is 



rf9 



-2/3 



-db A dc + 
a 



1 + be 



da A db + da A dc 



The characteristic subalgebra turns out to be Q, 



c 



< 



(56) 



X^ >. Looking for 



a polarization subalgebra containing the characteristic subalgebra, we get into trouble, 
since there is no such real subalgebra. We are forced to complexify the algebra, and then 
we find (essentially) two complex polarizations: 



V =< Xt - X?, Xt + X L ± «1 L > 



(57) 



Clearly, the solution to these polarization equations are complex functions defined on 
a complex submanifold of the complexification of SL(2, R). These will be holomorphic or 
anti-holomorphic, depending on the choice of sign in (|57|) . The explicit construction of 
the representations in the discrete series, according to the group quantization framework, 
was firstly given in Ref. [17 in connection to the quantum dynamics of a free particle on 
Anti-de Sitter space-time. Higher-order, real polarizations were used in Ref. |18| in the 
study of the relativistic harmonic oscillator. They have also been considered in conformal 
field theory as factor of SO (2, 2) « SL(2, R) <g> SL(2, R) representations p . 
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